Abstract: In the present paper, we define a new kind of model of paths. Using this new model, we obtain the well-known first Weyl character formula and prove the decomposition theorem of the tensor product of two simple modules over a Kac-Moody algebra.
Introduction
The aim of the present paper is to introduce a new path model. This new path model consists of Littelmann's paths( [5, 6] ) and a new kind of operators acting on Littelmann's paths. This newly defined operator is called tail-flip operator. Using the tail-flip operator, one can obtain the first Weyl formula and the tensor product decomposition theorem of two simple modules over a Kac-Moody algebra, without using the theory of LS paths.
To be more precise, let α be a real root of a symmetric "nontwisted" affine Kac-Moody algebra G , π be a piecewise linear path in the space X spanned over the rational number field by the weights of the affine Kac-Moody algebra G . We use [0, 1] Q to denote the set {x|x is a rational number,0 ≤ x ≤ 1}. Define a tail-flip operator T α,x for any x ∈ [0, 1] Q as follows.
If (π(x), α˘) is an integer, and either (π(t), α˘) ≥ (π(x), α˘) for t ≥ x or x = 0, then T α,x (π)(t) = π(t), f or 0 ≤ t ≤ x π(x) + s α (π(t) − π(x)), f or x ≤ t ≤ 1 .
Otherwise, T α,x (π)(t) = 0 for all t ∈ [0, 1]. If α = α i is a simple root, then we usually use T i,x to denote the operator T α i ,x .
Let B be a set of piecewise linear paths, which is stable under the action of tail-flip operators T i,x for all i and all rational number x ∈ [0, 1] Q . Define CharB := η∈B e η (1) formally. We call CharB the character of B. For example, let B be the algebra generated by all operators T i,x over the integer number ring Z, let π = tλ, t ∈ [0, 1] Q ,for some dominant weight λ. If B is the set of all paths contained in Bπ, then CharB is the character formula of a simple module with highest weight λ. This result is proved in Proposition 4.1. Suppose ρ is a weight satisfying (ρ, α i ) = 1 for all simple roots α i . Then the character of B can be computed by using the the Weyl group W of the Kac-Moody algebra G in the following way. (1)) ) is called the first Weyl character formula. We will prove this theorem by using tail-flip operators.
Theorem(1) Let Π + 0 be the set of the piecewise linear paths such that Imη is in the interior of C(for t > 0), where C is the Tits cone of a nontwised affine Kac-Moody algebra G . Suppose B is a set of piecewise linear paths, which is stable under the action of T i,x for all rational number
Finally, let us give a brief outline of this paper. In Section 2, we review some basic facts related to root systems of a nontwised affine Kac-Moody algebra G ( [3,p.96] ). In Section 3, we define a kind of tail-flip operators on piecewise linear paths without any restriction on the paths and roots. We call this kind of operators absolute tail-flip. We obtain some properties of these operators, and compare these operators with the root operators defined by Littelmann. In Section 4, we prove the above mentioned theorem.
Notation
Let I = {1, · · · , l} and A = (a ij ) l×l , where A is the Cartan matrix of some finite dimensional simple Lie algebra G over the complex field C. Fix a Cartan subalgebra H ⊆ G.
δ ij is the Kronecker's symbol. Let P 0 be the free abelian group generated by
a i α i be the highest root of G with respect to H and θ˘= l i=1 a iαi˘t he corresponding coroot. Set I = I ∪ {0} and let A = (a ij ) i,j∈I be the generalized Cartan matrix of the "nontwisted" affine Lie algebra G associated with G( [3,p.96] ). As a vector space,
where c is the canonical central element and
Define the fundamental weights
for i ∈ I . Let P be the free abelian group generated by ω i , i ∈ I . Set P = P ⊕Zδ, where Z is the ring of integer number. Let ι(ω i ) = ω i − a i ω 0 . Then ι is an embedding map from P 0 to P . Identify P 0 with its image inside P which in turn coincides with the set {λ ∈ P |λ(c) = 0}. Let ξ : P → P /Zδ be the canonical projection. Notice that P can be identified with P /Zδ and ξ(α 0 ) = −θ.
identifies with the group generated by s i : i ∈ I ( respectively, i ∈ I). The set of roots of G is a disjoint union of the set of real roots ∪ i∈I W α i and imaginary roots Zδ \ {0}. We use Φ + to denote the set of all positive roots of G . For any real root β, let β˘= 2 (β,β) β be the corresponding coroot of β. The reflection s β is defined via s β (λ) = λ − λ(β˘)β, λ ∈ H * . Observe that s 0 = s θ as an automorphism of P and so we can identify W with W , whenever we consider the action of W acting on P . 
Unlike the references, e.g. [5, 6, 7] , we consider the same path with different parameterizations as different paths. It is obvious that Π ⊆ Π. Let ZΠ (respectively, ZΠ) be the free Z-module with basis Π (respectively, Π). Then ZΠ is a submodule of ZΠ. For each i ∈ I and any π ∈ Π or Π, define a function
Let x ∈ [0, 1] Q be any rational number. We define a linear operator τ i,x on ZΠ or ZΠ as follows.
where π ∈ ZΠ or ZΠ. We call τ i,x an absolute tail-flip operator determined by the simple root α i at x, simply tail-flip operator. The following proposition is easily obtained from the definition.
Notice that all paths in this paper are piecewise linear paths defined on [0, 1] Q .
Let
Then one can define the following operators after Littelmann ([5] , [6] ).
If the piecewise linear path π satisfies π(0) = 0 and m is an integral number,
, where e α i , f α i are the root operators defined in [5] .
3.3 After Littelmann, we call π(1) the weight of the path π. The weight of the path π is denoted by υ(π). The following lemma is similar to [5,Lemma 1.4] and [6,Lemma 2.1], so we omit its proof. 
Then the following proposition holds (we make the convention that
Proposition 3.2. For any i ∈ I and π ∈ Π or Π, the following statements hold:
Proof. We only give the proof of (1) and (4). One can prove (2) and (3) similarly.
(1) We shall use induction on r. Suppose that statement is true on r, i.e., the integral part
(4) Again we shall use induction on r. Assume that the statement holds for 
Proof. Let n := (π(1), α i) be the integral number. From the above discussion, we know that
3.6 For any path π ∈ Π (or Π), denote by π * (t) = −π(1 − t) the dual path of π. The vector space ZΠ and ZΠ are algebras under the product ⊗ defined as
It is obvious that ZΠ is a subalgebra of ZΠ and * is an involution of the algebra ZΠ(or ZΠ ).
Let A t be the algebra generated by all tail-flip operators τ i,x over Z. Then ZΠ and ZΠ become A t modules respectively. View P Q := P ⊗ Z Q or P Q := P ⊗ Z Q as constant paths. Then P Q (respect. P Q ) becomes an A t submodule of ZΠ (respectively, ZΠ). This submodule is stable under the operators E i s and F i s. Let us use A e (respectively, A f ) to denote the algebra generated by E i s (respectively, F i s). Then ZΠ/P Q and ZΠ/P Q are modules over A e and A f . Suppose A is the algebra generated by A e ∪ A f . Then ZΠ/P Q and ZΠ/P Q are also modules over A, which can be identified with the path model in [5] . Obviously, ZΠ/P Q and ZΠ/P Q can be viewed as a submodule of ZΠ (respectively,ZΠ ) generated by all piecewise linear paths starting from 0. To simplify the notation, we use P (respectively, P ) to denote the factor module ZΠ/P Q ( respectively, ZΠ/P Q ). The image of a path π in P (respectively, P ) is still denoted by π. Proposition 3.4. For any π ∈ P or P, and any i ∈ I , the following statements hold.
Following Greenstein and Lampron ([2])
, we use ξ to denote the canonical projection from P to P /Zδ. Define (Ξπ)(t) := ξ(π(t)) for any π ∈ P and any t ∈ [0, 1] Q . By the following proposition, Ξ is an A t (A e , A f , A) module homomorphism from P to P.
Proposition 3.5. For any π ∈ P, and any
Proof. The proof of Ξ(E i (π)) = E i (Ξ(π)) and Ξ(F i (π)) = F i (Ξ(π)) has been given in [2] . We only need to prove that Ξ(τ i,x (π)) = τ i,x (Ξ(π)). The proof is similar to the proof of [2, Lemma 5.6].
A first character formula
For any piecewise linear path π ∈ P, the submodule A t π, which is generated by the path π over A t , unlike Aπ, contains too many paths for our purpose to prove the Weyl character formula. So we need to define new "tail-flip" operators to cut down the number of paths. Let h π,i (t) be the function defined in Section 3. In the case h π,i (x) is not an integer, then T i,x (π) = 0:
In the case h π,i (x) > h π,i (t) for some t > x and x = 0, then T i,x (π) = 0;
In the case x = 0,T i,0 (π) = s i (π);
In the case h π,i (x) is an integer, h π,i (x) ≤ h π,i (t) for t > x, then
Let B be the algebra generated by {T i,x |i ∈ I , x ∈ [0, 1] Q } over Z, and B m be the monoid generated by {T i,x |i ∈ I , x ∈ [0, 1] Q }. Since B is a subalgebra of A t , P and P become B modules. For any piecewise linear path π, the module generated by π is denoted by Bπ, and the set of all paths contained in Bπ is denoted by B(π). It is obvious that B(π) = {bπ|b ∈ B m }.
Example Let T be the group generated by {T i,0 |i ∈ I }. Then T π = W π for any path π, where (w(π))(t) := w(π(t)) for t ∈ [0, 1] Q . So η∈B e η (1) is stable under the action of the Weyl group W , whenever the set of paths B is stable under the action of B m . 
. Thus every set of pahts, which is stable under the action of all tail-flip operators, is also stable under the action of all root operators defined in [5, 6, 7] .
On the other hand, suppose V λ is a simple G -module determined by a dominant weight λ. Then η (1) 
For any piecewise path π satisfying (π(t)|δ) = 1, we can choose these galleries (∆ 0 , · · · , ∆ r ) containing the path π with r minimal. Then the number of such galleries is finite. Thus, the number of galleries containing all paths T x 1 ,i 1 · · · T x j ,i j (π) with minimal length are finite too. So the rank of Bπ is finite.
Recall that the product of two paths π 1 , π 2 is defined as follows:
We use A t (π) to denote the set of all paths contained in the module A t π.
Proof.
(1) To simplify the notation, we give only the proof for the case r = 2, the proof for r > 2 is similar.
On the other hand, we have
(2) Similarly to (1), we only give the proof for the case r = 2.
. In the following, we assume that
If B ⊆ P is a subset, which is stable under the action of all operators T i,x , then we have already seen that its character CharB := η∈B e η (1) is stable under the action of the Weyl group W . In fact, CharB can be computed by the following path version of Weyl's character formula. The construction of the involution. Suppose (w, π) ∈ Ω is such that w is not the identity. Since w(ρ) + π ∈ P + , the path w(ρ) ⊗ π has to meet at least once a proper face of the dominant Weyl's chamber C. If w is the identity, then w(ρ) ⊗ π also has to meet a proper face F of C, the pair would otherwise be an element of Ω 0 .
For a proper face F of C denote by Ω (F ) the set of pairs (w, π) ∈ Ω which meet F as the last face. More precisely: w(ρ) ⊗ π meets F , and if t 0 ∈ [0, 1] Q is maximal with property such that w(ρ) + π(t 0 ) ∈ F , then w(ρ) + π(t 0 ) is in the interior of F , and w(ρ) + π(t) is in the interior of C for all t > t 0 .
The set Ω is obviously the disjoint union of the Ω (F ), so it is sufficient to define an involution for such an Ω (F ). Let α i be a simple root orthogonal to F . For (w, π) ∈ Ω (F ) set n := (w(ρ), α i) , note that n = 0.
Without loss generality, we can assume n > 0. Then the function h π,i (t 0 ) = −n. It is easy to prove
In the following proposition, we use P + to denote the set of all piecewise linear paths satisfying (π(t), α˘) ≥ 0 for any positive root α.
where the union runs over all paths η ∈ Bπ 2 such that π 1 ⊗ η ∈ P + .
Proof. Let X = ∪B(π 1 ⊗ η), the right side of equation (4.1). Since 
